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SUMMARY 


■ A theoretical solution is obtained for the problem of the compressiTe 
buckling of flat rectangular Metalite type sandwich plates with simply 
supported loaded edges and clamped unloaded edges. -The solution is based 
upon the general small— deflection theory for flat sandwich plates developed 
in NADA TN No. 1526. Good agreement is found between the present results 
and those of Pores t Products Laboratory Rep. No. 1583. 

A comparison of computed and experimental buckling stresses of 
sandwich plates with balsa-wood cores and with cellular— cellulose— acetate 
cores indicates reasonable agreement between theoretical and experimental 
results . 


INTRODUCTION 


The increasing use of sandwich materials as a substitute for the 
more conventional skin— stringer construction in aircraft design makes 
the problem of analyzing sandwich plates one of great importance. Since 
sandwich plates cannot be analyzed by ordinary plate theory because of 
the appreciable effect of low core shear stiffness on deflections, a 
general small— deflection theory for elastic bending and buckling of flat 
sandwich plates was developed in reference 1. This theory was extended 
to include plastic buckling in reference 2 and was applied to the problem 
of the elastic and plastic compressive buckling of Bimply supported flat 
rectangular Metalite type sandwich plates. 

In the present paper the elastic compressive buckling of flat 
rectangular Metalite type sandwich plates with simply supported loaded 
edges and clamped unloaded edges (fig. 1) is investigated. The differen- 
tial equations of reference 1 are solved to yield a stability criterion 
giving the elastic-compressive-buckling coefficient implicitly in terms 
of the plate aspect ratio and the ratio of the plate flexural stiffness 
tp the core shear stiffness. Charts are presented to facilitate the 
determination of elastic-compressive-buckling loads and an approximate 
correction for plasticity is outlined. 
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The results of the present paper are found to he in good agreement - 
with those of the approximate theory of reference 3 • The difference 
between the computed stresses is at most 5 percent, the results of 
reference 3 being higher. The difference decreases as the core shear 
stiffness decreases. 

A comparison of computed and experimental buckling stresses of- 
sandwich plates with balsa-^wood cores and with cellular-cellulose— acetate 
cores indicates reasonable agreement between theoretical and experimental 
results . 


SYMBOLS 


E-£> 

df 

tf 

Gc 

he 

D 


a 

b 

3 

r 


a 


cr 


k 


x,y 

w 


Young’s modulus for face material 
Poisson’s ratio for face material 
face thickness 

shear modulus for core material 
core thickness 

flexural stiffness per unit width of-Metalite type sandwich 


plate 


_ / E ftf( h o + t f ) 


i 1 ~ ‘ u f 2 ) 


plate length 
plate width 

plate aspect ratio (a/b) 

core shear— flexibility coefficient 


f ^ \ 

vb^Gr C h 0/ 


critical compressive stress in x— direction 

elastic—' buckling-e tress coefficient 

critical compressive load per unit width (2cr cr tf) 
coordinate axes (see fig. 1)- 
deflection of middle surface of plate 


/ 2b £ g cr tf ' 
V it 2 ® J 
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m 


number of half wares in buckled— plate deflection surface 
in direction of loading 


Sr 

Grc^C ®c-^c 


angles between lines originally perpendicular to undeformed 
middle surface and lines perpendicular to deformed middle 
surface 


Subscripts : 

comp computed 

exp experimental 


RESULTS AND DISCUSSION 


The solution of the problem of the compress ire buckling of flat 
rectangular Metalite type sandwich plates with simply supported loaded 
edges and clamped unloaded edges (fig. 1) is obtained herein by means 
Of the differential equations of deformation and equilibrium derived 
in reference 1. Details of the solution are given in the appendix. 

Stability criterion and buckling curves .— The stability criterion 
(equation (All)) derived in the appendix gives the elastic-buckling-stress 
coefficient k implicitly in terms of the plate aspect ratio 0 and 
the core shear— flexibility coefficient r. Unlike results obtained for 
isotropic plates with deflections due to shear neglected, the buckling 
coefficients of Metalite type sandwich plates with simply supported 
loaded edges and clamped unloaded edges depend on Poisson's ratio for 
the face material. 

Solutions of the stability criterion for Poisson's ratio equal to 
l/3 are presented in figure 2. The elastic— buckling— stress coefficient 
Is plotted against the plate aspect ratio for different values of the 
core shean-flexibllity coefficient. As the core shear stiffness 
decreases, the decreasing wave length of buckle lessens the effect of 
the clamped unloaded edges on the plate buckling strength and the 
buckling curves approach the curves obtained in reference 2 for plates 
simply supported on all edges. This phenomenon also occurs as the aspect 
ratio of the plate decreases. When the core shear— flexibility coefficient 
Is equal to or greater than unity, the wave length of buckle is infinitely 
small. In this caBe, as for simply supported Metalite type sandwich 
plates (reference 2), the buckling-s tress coefficient is determined by 
the shear modulus of the core and is given by 



( 1 ) 
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This last result is a consequence of the Assumption, — implied by the 
theory of reference 1 , that the plate faces are so thin that- they can 
be treated as membranes having a negligible stiffness in bending about 
their own middle surface. If the flexural stiffness of the faces were 
taken into account, the wave length of-buckle would not become infinitely 
small. The buckling-e tress coefficients given by equation (1), however, 
hardly differ from those of a more exact theory, for plates having 
practical dimensions. 

In figure 3 the compressive-buckling coefficients of infi: 
long Metalite type sandwich plates with clamped unloaded edges 

are compared with the buckling coefficients of infinitely long 
sandwich plates with simply supported edges. As was noted in the 
discussion of figure 2, the buckling coefficients of the clamped plates 
approach those of the simply supported plate as the core shear— flexibility 
coefficient increases, the two being equal for values of r greater than 
unity. 

Comparison with approximate solution .— The results of the more 
approximate theory of reference 3 agree very well with those of the 
present paper. Buckling-e tress coefficients computed from equations ( 38 ) 
to (45) of reference 3 or from equations (l), ( 8 ), and ( 9 ) of-reference 4- 
are 'at the most" 5 percent higher than those obtained from the curves of 
figure 2, the error decreasing with decreasing core shear stiffness. The 
approximate stability equation of references 3 and 4 may be written for 
Metalite type sandwich plates, when the notation of the present paper is 
used, as 


(?*-- 3) 

isotropic 


k = 


1 + 


isfp 2 + I + JL 

3 VnP 2 3.6 g 2 / 

£ + I + JL 3^ 

4 3 2 3 \p£ 2 16 32 / 

3 3? 


( 2 ) 


Reference 2 indicates that the theory of-reference 3 was equivalent- to 
that of reference 1 for the problem of the compressive ..buckling of simply 
supported plates. The results of the present paper indicate further that 
the simplifying assumption of reference 3 applies with little error in 
problems involving other support conditions. This assumption states that 
any line in the sandwich core that is initially straight and normal to 
the middle surface of the core will remain straight after deformation of 
the panel but will deviate from the direction of the normal to the 
deformed middle surface by an amountr^that is proportional to the slope 
of the plate - surface, the proportionality factor being the same throughout 
the plate. 
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Correction for plasticity. — Because of the complexity of the stabil- 
ity criterion and the number of parameters involved, no attempt was made 
to extend the solution to include buckling in the plastic range. An 
approximate correction for plasticity is suggested by the results of 
references 5 and 6 from which, for long plates with edges elastically 
restrained against rotation, the ratio of the plastic buckling stress to 
the elastic buckling stress can be seen to be approximately independent 
of the magnitude of the elastic restraint. When the results of refer- 
ence 2 for simply supported plates are used, curves of plastic buckling 
stress plotted against elastic buckling stress may be obtained for various 
values of plate aspect ratio and core shear— stiffness parameter. The 
appropriate curve is then entered with the elastic buckling stress 
obtained by means of figure 2 to get the approximate buckling stress of 
a plate with simply supported loaded edges and clamped unloaded edges. 

The curves for- infinitely long plates can be used with little error for 
plates having any aspect ratio. 

The results of this method agree closely with those obtained by 
using the procedure suggested in references 3 and k: that the elastic 

modulus be replaced by a reduced modulus everywhere it appears in 
equation (2). 

Comparison of theory and experiment .— In figures k- and 5 experi- 
mental compressive buckling stresses are compared with the buckling 
stresses computed from the results of the present paper. The experimental 
stresses are the results of I'orest Products Laboratory tests made on 
sandwich plates with Alclad 2 kS—T aluminum-alloy faces and end-grain 
balsa-wood or cellular— cellulose— acetate cores. (See reference k. ) 
Theoretical stresses in the plastic range are approximate and were 
obtained by the method described in the previous section. The experi- 
mental and computed data are summarized in tables 1 and 2. 

Much better agreement exists between theoretical and experimental 
results for panels with cellular— cellulose-acetate cores than for panels 
with end— grain balsa-wood cores. (See figs, A and 5.) The average 
discrepancies between theory and experiment for the two types of panels 
are 5.6 percent and 28.2 percent, respectively. 

An explanation for the apparent different behavior of the two types 
of panels can be found from an examination of the data of tables 1 and 2. 

A comparison of computed and s emi empirically determined flexural stiff- 
nesses (columns (6) and of table 1 and columns (6) and (Q) of 

table 2) indicates again good agreement for panels with cellular— cellulose- 
acetate cores and poor agreement for panels with end— grain balsa-^wood 
cores. The semi empirical values of plate flexural stiffness given in 
reference i}- were computed from the results of tests of sandwich beams 
cut from the panels. The effective stiffnesses obtained from these tests 
were corrected, in accordance with the procedure outlined in reference 7 — 
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a procedure which involves a knowledge of the core shear modulus — to 
obtain the flexural stiffnesses listed in column Q) of table 1 and 
column of table 2. 

In view of the agreement between theoretical and experimental 
results for sandwich plates with cellulate ellulose— acetate cores, it 
seems reasonable to expect the same agreement for panels with balsa-wood 
cores. The semiempirically determined flexural stiffnesses for panels 
with balsa-wood' cores are, therefore, very likely incorrect. The Forest 
Products Laboratory has suggested that the shear modulus assumed for 
balsa wood is inaccurate. A lower shear modulus would give good agree- 
ment between computed and semiempirically determined "flexural stiff- 
nesses for the panels with end-grain balsa-wood cores. A lower shear 
modulus would also increase the core shear— flexibility coefficients of 
the panels so that the computed values of the buckling stresses would 
be low enough to agree fairly well with the observed stresses. The 
required shear modulus is of the order of_j6,000 psi to 9)000 psi, values 
which are by no means unusual for balsa wood. (See reference 8. ) With 
this explanation in mind, reasonable agreement apparently exists between 
theoretical and experimental results. 


CONCLUDING- REMARKS 


Charts have been presented to facilitate the determination of 
theoretical elastic— compressive— buckling loads of- flat rectangular 
Metallte type sandwich plates with simply supported loaded edges and 
clamped unloaded edges. A correction for plasticity has been suggested. 

Reasonable agreemenirhetween theoretical and experimental results 
is indicated by a comparison of computed and experimental buckling 
stresses of sandwich plates with balsa-wood cores and - with cellular— 
cellulose-acetate cores. 


Langley Aeronautical Laboratory 

National Advisory Committee for Aeronautics 

Langley Air Force Base, Ya., March 21, 19k-9 
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APPENDIX 


DERIVATION OF COMPRESSIVE BUCKLING CRITERION FOR FLAT 
RECTANGULAR METALITE TYPE SANDWICH PLATES WITH 
SIMPLY SUPPORTED LOADED EDGES AND CLAMPED 
UNLOADED EDGES 


Differential equations .— Differential equations for sandwich plates 
that may "be used to derive the buckling criterion are given on the bottom 
of page 13 of reference 1. Seven physical constants (two Poisson's 
ratios, two flexural stiffnesses, a twisting stiffness, and two shear 
stiffnesses) which must be specified are given in reference 2 for 
Metalite type sandwich plates as 

- 

= Hf 

D x = D y = (1 + UfODxy = \ E f t f (h 0 + t f ) 2 l (Al) 

D Q x = D Qy = G c h c 

For a Metalite type sandwich plate compressed in the x— direction, the 
equations of reference 1 are then 

Nx D S 2 ^ _ 8 Ox _ d fty _ q 
D Gchg ^ x 2 8x Gchc 8y Gchc 

s /a 2 a 2 V _ 1 + n f a 2 q x _ A - u f a 2 [ a 2 & c h c \ q 7 

8y \8x 2 8 y 2 / 2 8x8y ^c^c \ 2 ox 2 8y 2 D / ^c^c 

a /^ 2 + a 2 'n fi — iif a 2 + a 2 Gchc\ oz i + iif a 2 Q y 

axVax 2 By 2 / \ 2 ay 2 ax 2 D /G-c^c 2 ax8y 


Boundary conditions .— The boundary conditions that are to be satis- 
fied by the functions chosen for the middle— surface deflection w and 
the shear angles Q x /G c hc and Qy/Gchc are that no middle— surface 
deflection occurs at the plate edges, that no point in the boundary is 
permitted to move parallel to the edges, that no bending moment exists 
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along the simply supported edges , and that along the clamped edges the 
sections making up the boundary do not rotate. Thes-e conditions are 
given by the following equations : 


At x = 0,a 


and at y = 


Qy 

V = = 0 

Gp&c 


Qx _ ^ _ Qy _ 0 

Grohc 6y Groho 


(A3a) 


(A3b) 


The bending moment *x is given by equation (6a) of-r*eference 1 as 


M x 



Gchc/ f ciy\Sy G-chcy 


(Aif) 


Solution of differential equations .— The plate is assumed to buckle 
symmetrically about the x— axis and sinusoidally in the x— direction 
(fig. 1). Solutions for the middle-surface deflection w and the shear 
angles Q,x/Gr c h c and Qy/Gr c h c are then taken in the form 


w = sin ^ Ai cosh - 


Q x mjtx V“ , ! 

a^ = °° s — L Bl oosh nr- f- 


Qy I2jrx y- y 

= sin / Ci sinh — 

■pL a < — 1 b 


T c c 


(A5) 


where m is an integer Indicating the number of sinusoidal half waves 
in the x— direction and values of Nf and the coefficients Ai, Bi, 
and Ci are to be determined. Equations (A5) satisfy the boundary 
conditions (A3&). 
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Substitution of equations (A5) in equations (A2) yields, after 
simplification, the following set of simultaneous equations which applies 
for each set of values of A±, Ci, and 


" 5J B ± 


+ Ni - — d 
m nut 1 


= -0 


(A6a) 



(A6b) 


(A6c) 


Three values of N-j_, for which equations (A5) satisfy the differential 
equations (Al), are obtained by setting tha determinant of the coeffi- 
cients of equations (AS) equal to zero 



(A7) 


Expressions for the coefficients Bi and Cj_ in terms of Aj_ are 
found by solving equations (A6&) and (A6b). This procedure gives 


B, = 


nut 


XiAi 


Ci = ^ Ni I 7iA ± 


(AS) 
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where 


\± 




and 

i = 1 , 2,3 


Equations (A5) may then he written as 


w = ^A]_ cosh itNi ^ + A 2 cosh n3f 2 ^ + A 3 cosh J 1 N 3 0 sin 


G^~ = lM. A l cosh *®1 £ + A2A2 cosh jtTTg ^ + 13^3 cosh 

ctS~ = ( Nl I 7lAl Sinil ^1 ^ + N 2 | 72^2 sluli «N2 £ 

C C ' 

+ "3 £ ^ «» >®3 |)w Bln ^ 


COS 


nmx 


r (A-9) 


The coefficients Aq, Ae, and A 3 must he adjusted so as to make 
equations (A9) satisfy boundary conditions (A3b). Substitution of equa- 
tions (A9) in equations (A 3 b) gives the following set of- simultaneous 
equations: 
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JtNl , TWO . , KitO 

Ai cosh. —=■ + A2 cosh + A3 cosh = 0 


jiN2 


kKc 


nN- 


JtNg 


itN 


3 ... 


XjAj cosh + Xg-Ag cosl1 “tp + X3A3 cosh = 0 


Ni(l ~ 7i)Ai slnh + N 2 (l - 72)-^ 


j®2 

T" 


(A10) 


jtN 


N3 ^1 — 73^3 slnh — = 0 


The condition that Aj_, Aq., and A3 have values other than zero deter- 
mines the criterion for stability under compression of flat rectangular 
Metalite type sandwich plates with simply supported loaded edges and 
clamped unloaded edges. The stability criterion, obtained by setting 
the determinant of the coefficients of equations (A10) equal to zero, is 

/ 

Nl(l ~ 7i)(l2 ~ X 3 )tanh + JT 2 (l - 72)^3 ~ X^tanh ^ 


rfUo 

+ N 3 (l - 73) (A-l - X2 ) tanh ~T- = 0 


(All) 


When the plate shear stiffness Is infinite (r = 0), equation (All) 
reduces, in the limit, to the stability criterion for isotropic plates 
with deflections due to shear neglected: 



+ *W1) 



(AL2) 



12 


NACA TN 1886 


REFERENCES 


1. Llbove, Charles, and Batdorf , S. B.: A General Small-Deflection 

Theory for Flat Sandwich Plates. NACA TN No. 1526, 1948. 

2. Seide, Paul, and Stowell, Elhridge Z. : Elastic and Plastic Buckling 

of Simply Supported Metalite Type Sandwich Plates in Compression. 
NACA TN No. 1822, 1949- 

3 . March, H. W. : Effects of Shear Deformation in the Core of a Flat 

Rectangular Sandwich Panel. Rep. No. 1583* Forest Products Lah., 

U. S. Dept. Agric., May 1948. 

4. Boiler, K. H. : Buckling Loads of Flat Sandwich- Panels in Compression. 

Buckling of Flat Sandwich Panels with Loaded Edges Simply Supported 
and the Remaining Edges Clamped. Rep. No. 1525-©, Forest Products 
Lah., U. S. Dept. Agric., Sept. 1947- 

5. Stowell, Elhridge Z. : A Uhified Theory of Plastic Buckling of Columns 

and Plates. NACA TN No. 1556, 1948. 

6. Stowell, Elhridge Z. : Critical Shear Stress Qf-an Infinitely Long 

Plate in the Plastic Region. NACA TN No. l68l, 1948. 

7* March, H. W. , and Smith, C. B.: Flexural Rigidity of a Rectangular 

Strip of Sandwich Construction. Mimeo. No. 1505* Forest Products 
Lah., U. S. Dept. Agric., Feh. 1944. 

8. Doyle, D. Y., Drow, J. T., and McBurney, R. S.: Elastic Properties 

of Wood. The Young’s Moduli, Moduli of Rigidity, and Poisson’s 
Ratios of Balsa and Quipo. Rep. No. 1528, Forest Products Lah., 

U. S. Dept. Agric., June 1945* 



HA.CA TIT 1886 



^ T/SLZ 1 

HTPtBTMCTTAI. ABB COOTIE DJBA. TCB SJOnWIOH PLXOS VJXS ntD-CRJOK BUSJWfOCO CCESS 
[=f - 9-9 X lO 6 P«IJ 0 o - 19,000 pal] 


® I © I <D I ® I© 


tf he a ^ _ A, Dooop 

(in.) (In.) (in.) (in.) (ll>-in.) 


0.012 0.255 
.013 .257 
.013 .251 

.012 .252 
.012 .255 
.012 .259 
.251 

•231 

.255 
. 2 49 
.2 44 
.oil .252 
.012 .246 
.012 .251 
.013 .246 

.251 


39.93 0.82s 47 © 

39.88 .828 3279 

39.96 .823 5047 

39.90 .827 4706 

33.93 .642 47 © 

35.8E .642 I909 

33.90 .6*1 11623 

35-94 -640 5047 

.660 4467 .01 

.660 4333 

.660 4381 .0112 

28.82 .639 4238 .0103 

23.83 .674 5272 

23.84 .671 4623 

23.84 .671 4858 

23.84 .671 4206 

20.82 .673 3201 


.249 14.03 20.89 .672 4971 

.257 14.00 20.80 . 673 4401 

.231 14.03 20.94 .670 3047 

.233 12.02 18.98 .633 5124 

.232 12.02 18.87 .636 3085 

013 .247 12.02 18.95 . 634 4893 

.248 12.02 18.90 .633 5272 

.248 11.02 16.87 .©3 4933 

11.01 16.88 .652 5124 

11.01 16.94 .649 5435 

11.00 16.98 .647 5124 


“0orreot«4 for plMtioitf 


© 

room 


.28 215 8.95 

.23 233 9.15 

.26 231 8.88 

212 8.83 

245 10.21 

234 10.38 

238 9-92 

259 9-96 

331 13-93 

357 14.87 

345 14.37 

335 15.23 

586 20.93 

521 21.70 

343 20.88 

1 

476 21.64 



(lb/in. ; 


4401 1© 
4624 176 
4326 164 
4383 163 
4416 217 
4418 I8l 
4323 2 © 
4294 205 
4119 273 
4223 304 
4088 290 
4212 275 
4517 457 
4312 423 
4330 423 
4332 406 


870 33-46 806 


1106 39.37 932 



747 28.73 730 28.1 4314 384 

709 27.26 702 27.0 444 q 528 

643 29.23 627 28.3 4320 344 

©3 23.11 ©3 29.1 4618 528 

668 33.38 806 31.0 4506 632 


4426 571 


833 32.04 785 30.2 4070 571 
891 31.82 840 30.0 4334 571 
1025 39.42 883 34.O 4380 667 
1063 40.88 896 34.3 4371 711 


4368 667 


1033 40.30 ©4 34.4 4411 711 
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TABLE 2 

EXPERIMENTAL AND OMGOTED EAEA PCE 8ANTWICH PLATES WITE CEIIAILAR-43m.tILOei--ACEr«!* i 
[l f « 9.9 X 10 6 pel; 0 o » 3,500 pel] 


© r© i ® I ® I © © © ® © 

*A (J 5S> r * 


0.012 | 0.2471 33*00 


.249 
.249 
.246 
.013 *243 


(Ib/ln. ) 


186 7-75 4818 

0352] 6.59 I 201 7.73 4673' 

386 . 7*75 4644 

199 7.65 4709 

206 8.58 4769 

206 8.58 4932 

202 8.4l 4699 


(13j— I n. ) (Ib/in. ) 


4818 167 


© 

-Juror 

(percent) 


.0350 

6.59 

.0400 

5.90 

.0401 

5.90 


.658 4933 *0674 5-39 315 12.11 4860- 


.0423 

5-83 

.0665 

3-40 

.06 66 

5.40 

.0674 

! 

5-39 

.0672 

5-39 

.0969 

4.92 

.0962 

4.93 

.0951 

4.95 

■ 0974 

1 4.90 


529 18.89 4826 

561 20.04 5165 

528 20.31 4906 

587 22.58 4688 

5ft> 23-33 4517 

578 22.23 4656 

1583 1 4.15 1 577 22.19 4549 

678 24.21 4785 































HA.CA TN 1886 


17 


k 



Figure 3 .— Comparison of elastic— compress ive-iuckling coefficients 
for infinitely long Metalite type sandwich plateB with, clamped 

edges (Vp = ^ and with simply supported edges. 
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Experimental buckling stress , ksi 


Figure b.— Comparison of theoretical and experimental buckling stresses 
for sandwich plates with Alclad 24S— T aluminum faces and balsa— wood 
cores . 
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Experimental buckling stress , ksi 

Figure 5.— Comparison of theoretical and experimental buckling stresses 
for sandwich plates with Alclad 24S— T aluminum-alloy faces and 
cellular— cellulose-acetate cores . 



